Abstract. Given a map ϕ : P 1 → P 1 of degree greater than 1 defined over a number field k, one can define a map ϕ p :
Introduction
Let k be a field and ϕ(x) a rational map of degree d greater than 1 with coefficients in k. Consider ϕ n (x) − t, where ϕ n (x) is the n-th iterate of ϕ(x) and t is transcendental over k. If ϕ n (x) − t is separable for each n, adjoining the roots of ϕ n (x) − t to k(t) gives us a Galois extension of k(t).
In order to understand certain dynamic and number theoretic properties of ϕ it is useful to understand the structure of the Galois groups of these extensions (see for example, [Odo85] 
[Jon08][HJM15][Jon15][JKMT15][Juu16]).
The proportion of elements of the Galois group fixing some root of ϕ n (x)−t, called the fixed point proportion, is particularly useful in applications. This paper generalizes some of the results from [JKMT15] , which examines proportions of periodic points by studying the fixed point proportion of these Galois groups. If ϕ(x) has coefficients in a number field k, then for any prime p of o k (of good reduction) we can consider the map ϕ p :
by reduction modulo p. Since P 1 (o k /p) is finite, the orbit of any point in this map, that is, for what proportion of α ∈ P 1 (o k /p) does there exist n > 1 such that ϕ n (α) = α?
Heuristics suggest that for a typical ϕ, we should expect the proportion of ϕ p -periodic points in P 1 (o k /p) to approach zero as |P 1 (o k /p)| tends to infinity (see [FO90] [Bac91][Sil08] [BGH + 13] ). In fact, in [JKMT15] it is shown that for any degree d and ǫ > 0,there is a Zariski-open subset of the set of rational functions of degree d such that for all ϕ in this set, the proportion of periodic points is less than ǫ. Moreover, in that paper specific conditions are given which ensure that a rational function belongs to this set. The conditions guarantee that the iterated extensions mentioned above are both geometric and, in some sense, as large as possible. We call the extensions geometric when the splitting fields of ϕ n (x) − t over k(t) do not contain any elements ofk \ k. However, the conditions given there are not necessary; here we extend the results by showing that we can often weaken the conditions to allow extensions that are non-geometric, but we will still require the geometric part of the extensions to be as large as possible. Further, it is easy to find examples of rational functions for which the proportion of periodic points does not tend to zero. For example, the map
does not contain a cube root of unity, that is, whenever p ≡ 1 mod 3. Thus, for these primes every point is periodic under this map, which implies that the limit supremum of the proportion of periodic points is one. We will see that, with our assumptions on the geometric part of the iterated extensions, the only case when the proportion of periodic points can fail to tend to zero is when the map induces a bijection on the residue field for infinitely many primes. Note, the rational maps that induce a bijection on P 1 (o k /p) for infinitely many primes p are rare in the sense that they belong to a special class of maps called exceptional maps, which has been completely classified by Guralnick, Muller, and Saxl [GMS03] . Their results generalize a conjecture of Schur from 1923 [Sch23] , proven by Fried in 1970 [Fri70] , which states that polynomials with this property are compositions of linear polynomials and Dickson polynomials. In order to describe these results precisely we fix some notation. Let k be any field and let ϕ(x) ∈ k(x) be a rational function with degree d > 1. Suppose also that ϕ ′ (x) = 0, then ϕ n (x) − t is separable for all n. To see this first note, it is easy to see by an induction argument that (ϕ n ) ′ (x) = 0 for all n. Now, let p n , q n ∈ k[x] be the numerator and denominator of ϕ n (x) respectively. Note, the roots of ϕ n (x) − t are the roots of p n (x) − tq n (x), so we want to show that p n (x) − tq n (x) is separable. Since p n (x) − tq n (x) is irreducible over k(t), if it has a double root then we must have p
= 0 for all x, which gives a contradiction. Let K n be the splitting field of ϕ n (x)−t over k(t) in some integral closure.
We want to study the fixed point proportion of B n , we can do so by studying the fixed point proportion in each coset of B n /G n . Definition 1.1. Let H be any set acting on another set S, we define the fixed point proportion of H, denoted FPP(H), to be the proportion of elements of H fixing at least one element of S.
Note, B n /G n ∼ = A for all n. For each a ∈ A we let (B n ) a denote the elements of B n whose restriction to E is a. Then if σ is any element of (B n ) a we have (B n ) a = G n σ. With ϕ as above, we can consider the action of any subset of B n on the roots of ϕ n (x) − t. 
(b) if k contains a primitive ℓ-th root of unity for ℓ|d with ℓ > 1, then we have
(c) if k does not contain a primitive ℓ-th root of unity for any ℓ|d with ℓ > 1, lim sup
We prove Theorem 1.2 in Section 2. Then in Section 3, we prove Proposition 1.4 along with a more general result.
Fixed Point Proportions
The arguments in this sections are similar to, but more general than, those of Lemmas 4.2 and 4.3 in [Odo85] .
Definition 2.1. Let Γ be a set of permutations acting on a finite set S. The indicatrix of Γ is given by
where tr γ := #{s ∈ S : γ(s) = s}.
Proof. By Lemma 3.9, we can embed
with its image, we can write any σ ∈ (B n ) a as (π; τ 1 , . . . ,
where π ∈ B n−1 ∼ = [B 1 ] n−1 and τ i ∈ B 1 . More specifically, since σ restricts to a on E we must have π ∈ (B n−1 ) a and
Proof of Theorem 1.2. As noted above, for any set Γ, we have
is the proportion of elements of Γ with no fixed points. First we suppose there is some a ∈ A such that each element of (B 1 ) a has a fixed point. Let Φ(
N we can apply Lemma 2.2 which implies that
. Now consider the case where (B 1 ) a has some fixed point free element for each a ∈ A. Fix an a in A, and again let Φ(x) := Φ (B 1 )a (x). We will show lim n→∞ Φ n (0) = 1.
First, we show Φ ′ (1) = 1. Note, for any σ ∈ (B 1 ) a we have (B 1 ) a = Gσ.
Let S 1 be the roots of ϕ(x) − t.
Note, {g ∈ G|gσα = α} = Stab G (α)g 0 where g 0 is any element of {g ∈ G|gσα = α}. To see this, note g ∈ Stab G (α) if and only if gg 0 σα = gα = α if and only if gg 0 ∈ {g ∈ G|gσα = α}. Thus |{g ∈ G|gσα = α}| = | Stab G (α)|, and by the orbit/stabilizer theorem
It is easy to see that Φ(1) = Since (B 1 ) a has some fixed point free element, Φ(0) > 0. So the graph of Φ(x) must lie above the graph of y = x on the interval [0, 1). Thus, 0 ≤ x < Φ(x) < 1 for 0 ≤ x < 1. Then {Φ n (0)} n is a strictly increasing sequence and is bounded above by 1 so it must converge. Since lim n→∞ Φ n (0) must be a fixed point of Φ(x), this limit must be 1. Fix ǫ > 0. For each transitive subgroup H of S d and σ in S d such that Hσ has some element with no fixed points, the above argument implies there is some n(H, σ) such that Φ Hσ n(H,σ) (0) > 1 − ǫ. Let N be the maximum of all n(H, σ) taken over all (H, σ) where H is a transitive subgroup of S d and σ ∈ S d such that Hσ has an element with no fixed points. Then for each a, taking any σ ∈ (B 1 ) a we have
This implies
Corollary 1.3 follows immediately. We can also see that the following lemma from [Odo85] , follows as an immediate corollary to Theorem 1.2. We will use each of these in the proof our main theorem on proportions of periodic points.
Proof. By Theorem 1.2 it suffices to show that G must contain a fixed point free element. To see this, note that by Burnside's lemma
since G is transitive. So the average of tr g as g varies over G is 1, and G contains an element, namely the identity, with trace d > 1. Thus, G must contain an element with trace 0.
Proportions of Periodic Points
Let ϕ(x) be a rational function of degree d > 1 defined over a number field k. Let p(x), q(x) ∈ o k [x] such that ϕ(x) = p(x)/q(x) and let P (X, Y ) and Q(X, Y ) be the degree d homogenizations of p and q respectively; that is,
If p is a nonzero prime in the ring of integers o k , we say that the rational function ϕ(x), defined as above, has good reduction at p if we can choose p and q such that at least one coefficient of p or q has p-adic absolute value 1, and P (X, Y ) and Q(X, Y ) have no common zeros [α, β] ∈ P 1 (o k /p).
For any prime p of o k of good reduction we consider the rational function ϕ p (x), the reduction of ϕ modulo p. We examine the proportion of elements of P 1 (o k /p) which are periodic points of ϕ p .
Definition 3.1. Let T : U → U be any map of a set U to itself. For u ∈ U define T 0 (u) = u and T n = T (T n−1 (u)). We say that u is periodic if T k (u) = u for some k ∈ N and we say u is preperiodic if T k (u) is periodic for some k ∈ Z ≥0 . We denote the set of periodic points Per(T ) if the set U is clear from the context.
We first note, if p is a prime of good reduction for ϕ, then the number of periodic points for ϕ p is bounded above by #ϕ n p (P 1 (o k /p)) for any n. 
for any positive integer n.
Let k, ϕ(x) be as above, and let
and G n = Gal(K n /E n (t)) (note, this is slightly different from our earlier notation).
In order to prove Proposition 3.3 we must consider how the Galois groups of the splitting fields of iterates of rational maps behave under reduction. The following two results from [Odo85] and [JKMT15] are in this direction. Where convenient we use Gal(ψ(x)/K) to denote the Galois group of the splitting field of ψ(x) over K in some algebraic closure of K.
Lemma 3.4 ([Odo85], Lemma 2.4). Let A be an integrally closed domain with field of fractions K, let K
′ be any field, and let ψ :
is irreducible over K. Now, let R be a Noetherian integral domain of characteristic 0 and let A be a finitely generated R-algebra that is an integrally closed domain. Let h(x) ∈ A[x] be a nonconstant polynomial that is irreducible in F (A) [x] . Here F (D) denotes the field of fractions of an integral domain D. Let B = A[θ 1 , . . . , θ n ] where θ i are the roots of h in some splitting field for h over
F (A). Suppose that F (R) is algebraically closed in both F (A) and F (B).
For p ∈ Spec R, let (A) p denote A/pA ⊗ R F (A/p) and let h p denote the image of h ∈ (A) p [x] under the reduction map from A to (A) p .
Lemma 3.5 ([JKMT15], Proposition 4.1). There is a nonempty Zariskidense open subset W of Spec R such that for p ∈ W , we have (A) p is an integral domain, there is a bijection between the roots of h(x) and the roots of h p (x), and the action of Gal(h p (x)/F ((A) p )) on the roots of h p (x) is isomorphic to the action of Gal(h(x)/F (A)) on the roots of h(x).
We now fix some notation that will be used in the proof of Proposition 3.3 and in the next lemma. Let p ∈ Spec o k be a prime of good reduction for ϕ and let F q denote its residue field o k /p. We let ϕ p denote the reduction of ϕ modulo p, let (K n ) p denote the splitting field of ϕ n p (x) − t, and let
Let τ be a degree one prime of F q (t), that is, a degree one prime in
], such that τ does not ramify in (K n ) p . Then for each prime m in (K n ) p lying over τ , there is a unique Frobenius element Frob(m/τ ) such that Frob(m/τ ) fixes m and acts as x → x q on the residue field of m. We let Frob
denote the conjugacy class of Frob(m/τ ) in Gal((K n ) p /F q (t)) (note that elements of this conjugacy class correspond to Frob(m ′ /τ ) as m ′ ranges over all primes of (K n ) p lying over τ ). Let z be a root of ϕ n p (x) − t in (K n ) p and let S denote the conjugates of z in (K n ) p .
Lemma 3.6. Let α ∈ P 1 (F q ) such that the degree one prime corresponding
has a fixed point in S.
Proof. Let A n be the integral closure of
is the set of elements of A n that are fixed by every element of B n,p . Now, let (t − α) be a degree one prime in F q [t] that does not ramify in (K n ) p , and let D(m|(t − α)) be the decomposition group of a prime m in (K n ) p that lies over (t − α). Then, by Lemma 3.2 of [GTZ07] , the number of degree one primes in F q (t, z) = F q (z) lying over (t − α) is equal to the number of fixed points of D(m|(t − α)) acting on S. That is, the number of β ∈ P 1 (F q ) such that ϕ n (β) = α is equal to the number of fixed points of D(m|(t − α)) acting on S. Likewise, working with the integral closure A
] in (K n ) p , we see that if τ is the prime at infinity in F q (t) (that is the prime ( and τ does not ramify in (K n ) p , then the number of degree one primes in F q (t, z) = F q (z) lying over τ is equal to the number of fixed points of D(m|τ ) acting on S, where m is a prime of A ′ n lying over τ . Since decomposition groups over unramified primes are generated by Frobenius elements, we see that for any α ∈ P 1 (F q ) that does not ramify in (K n ) p , there exists β ∈ P 1 (F q ) such that ϕ n p (β) = α if and only if Frob (Kn)p/Fq(t) α has a fixed point in S.
Proof of Proposition 3.3. For any p ∈ Spec o k of good reduction for ϕ consider q ∈ Spec o En lying over p.
o En /q with F q m . Let ϕ be the image of ϕ in E n (x), then ϕ has good reduction mod q. We assumed E n is algebraically closed in K n , so we may apply Lemma 3.5. Since any dense subset of Spec o En contains all but finitely many primes in Spec o En , it follows from Lemma 3.5 that for all but finitely many q ∈ Spec o En , the action of Gal((K n ) q /F q m (t)) on the roots of ϕ n q (x) − t is isomorphic to the action of G n on the roots of ϕ n (x) − t, where (K n ) q is the splitting field for ϕ n (x) − t over F q m (t).
Note, any root of ϕ n p (x) − t is also a root of ϕ n q (x) − t and since E n ⊂ K n , we have F q m ⊂ (K n ) p , so (K n ) q ∼ = (K n ) p Thus, for all but finitely many p ∈ Spec o k , the action of G n,p := Gal((K n ) p /F q m (t)) on the roots of ϕ n p (x)−t is isomorphic to the action of G n on the roots of ϕ n (x) − t.
Let π denote the number of degree one primes α of P 1 Fq such that α does not ramify in (K n ) p , and for any conjugacy class C of B n,p , let π C denote the number of degree one primes α of P 1 Fq such that α does not ramify in (K n ) p and Frob
otherwise, π C = 0. Here g (Kn)p is the genus of (K n ) p and R is the set of primes of P
1
Fq that ramify in (K n ) p . Let Fix(B n,p ) be the set of elements of B n,p that fix a root of ϕ #R ramified primes α of F q such that α ∈ ϕ n p (P 1 (F q )). Thus, summing the estimates in (3.2) over all conjugacy classes in Fix(B n,p ) and diving by q + 1, we then obtain (3.3) #ϕ
where c is the number of conjugacy classes of in Fix(B n,p ). Note that deg ϕ p = deg ϕ since ϕ has good reduction at p. Now, since ϕ p ramifies over at most (2 deg
The size of B n,p can be bounded in terms of n and d, since it is a subgroup of the symmetric group on d n elements. Also, for any p of characteristic greater than deg ϕ there is no wild ramification at ϕ p . Thus, g (Kn)p can be bounded in terms of deg ϕ p and n by the Riemann-Hurwitz theorem;
Hence, by (3.3) there is an M δ such that for all p with N(p) = q ≥ M δ , we have #ϕ
Recall for all but finitely many p,
By Lemma 3.4, B n,p is isomorphic to a subgroup of B n . Also, we assumed G n,p ∼ = G n and hence B n,p /G n,p is isomorphic to a subgroup of B n /G n . Thus we have
and finally,
Thus, #ϕ
Applying Lemma 3.2 then finishes our proof.
We immediately deduce the following as a consequence Proposition 3.3.
Corollary 3.7. With notation as in Proposition 3.3, suppose that there is some ℓ such that E n = E ℓ for all n ≥ ℓ. Then, if lim n→∞ FPP(B n ) = 0, we have
We now turn back to the case
The following theorem provides a set of conditions which ensure that this holds. (1) for any a ∈ S, b ∈ ϕ c , and m, n ≤ N, we have ϕ m (a) = ϕ n (b) unless a = b and m = n; and (2) the group G is generated by the ramification groups of the ϕ(a) for a ∈ S, that is
Then we have
In general, it is not too hard to show that B n and G n must each be subgroups of [ If the first extension K 1 /k(t) is not geometric, that is, if k is not algebraically closed in K 1 , then B n will not be a full iterated wreath product, as is noted in the next proposition.
n for n > 1.
then by Proposition 3.10 E n = E 1 for all n, and Corollary 3.7 allows us to decide exactly when the proportion of periodic points of ϕ p tends to zero as N(p) tends to infinity. This criteria is presented in the next theorem, which extends Theorem 1.3 from [JKMT15] . Moreover, using Theorem 3.1 from [JKMT15] (Theorem 3.8 above), it is possible to find specific examples to which we can apply this criteria, the case ϕ(x) = x d + c where 0 is not a preperiodic point of ϕ is treated in Proposition 1.4, which extends Proposition 6.4 [JKMT15] .
Theorem 3.11. Let ϕ be a rational function with degree d > 1 such that 
for which every element of the coset fixes a root of ϕ(x) − t, then we have lim sup 
, where F q m is the algebraic closure of F q in the splitting field of ψ(x) − t. Then B/G is isomorphic to Gal(F q m /F q ) and hence B/G is cyclic.
Lemma 3.13. If every b ∈ B with < Gb >= B/G fixes at least one root of ψ(x) − t, then ψ :
Proof. This follows directly from [GTZ07, Lemma 4.3 and Proposition 4.4].
Proof of Theorem 3.11. As before we let K n denote the splitting field of ϕ n (x) − t over k(t). Let E denote the algebraic closure of k in K 1 , then G = Gal(K 1 /E(t)). Since Gal(K n /E(t)) ⊆ [G] n for all n, we have Gal(K n /E(t)) = Gal(K n /k(t)) ∼ = [G] n for all n. Thus, by Corollary 2.3 and Corollary 3. Gal(E/k) for any m relatively prime to d. Note, d must be odd since if 2|d the hypotheses for (c) cannot hold since clearly −1 ∈ k. Thus, (2, d) = 1 and the map defined by ζ → ζ 2 belongs to Gal(E/k). We will show that each element of {τ 2,j : 0 ≤ j ≤ d − 1} has a fixed point. For any j, τ 2,j (ζ i α) = ζ 2i+j α so ζ i α is fixed by τ 2,j if and only if 2i + j ≡ i mod d, which holds if and only if d|i + j, which must hold for some i between 0 and d − 1. Thus, τ 2,j has a fixed point for each j. Hence, (c) also follows from Theorem 3.11.
